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I. INTRODUCTION
Choice of formula for the measurement of inflation does matter. In January 1999 the formula principally used for aggregating price changes for the U.S. consumer price index (CPI) at the lower level of aggregation was changed to a weighted geometric mean of price relatives. The effect of the change was estimated by the Bureau of Labor Statistics (2001) to reduce the annual rate of increase in the CPI by approximately 0.2 percentage points. This implied a cumulative additional national debt from over-indexing federal government expenditures and tax receipts of more than $200 billion over the 12-year period up to the mid-1990s (estimates based on Boskin et al., 1996 and 1998) .
"Lower" level aggregation formulas are typically applied to prices of finely defined goods, such as varieties of apples, sampled from outlets. Most often, these formulas use unweighted averages of price observations. They are the building blocks of a CPI. 2 The contribution of this paper lies in the analysis of the differences between these unweighted index number formulas in terms of price dispersion.
The empirical section of the paper uses highly detailed scanner data from retailers' barcode readers that amount to about 31,000 observations over 24 months on prices, characteristics, and brands of models of television sets (TVs) sold in different outlet types.
The focus of the paper is on the difference between two lower-level formulas-the ratio of unweighted arithmetic means of prices (Dutot index) and the ratio of unweighted geometric means (Jevons index). Both formulas are commonly used, both can be justified under particular circumstances, but they can give quite different results.
Sections II.A and II.B, respectively, outline the formulas and discuss their usage and relative merits. The paper then first considers what factors underlie the difference between the two index number formulas. In Section III.A, an analytical framework is derived for this purpose which benefits from being able to distinguish calculated indexes based on sample data as estimators of their population counterparts. 3 The difference between the two formulas is shown to depend on the change over time in price dispersion. Second, we discuss which of these formulas is to be preferred. From the axiomatic approach it is shown that the Dutot index should not be used for heterogeneous item groups (Section II.B). Some of the price dispersion and difference between the formulas will be due to product heterogeneity. In Section III.B, the analytical framework is extended to show the residuals from hedonic regressions to be a useful basis for compiling a heterogeneity-corrected Dutot index to further account for the difference between the Dutot and Jevons "raw" price indexes. Third, the paper considers whether the difference due to product heterogeneity can be substantial. In the empirical section (IV), monthly scanner data on television sets are used to compile Dutot, Jevons, and heterogeneity-corrected Dutot indexes, and to explain their differences in terms of changes in their price dispersion and product heterogeneity. In Section V, consideration is given to the question of whether the Jevons index is preferred over a heterogeneitycorrected Dutot index, that is, a Dutot index undisturbed by issues of product heterogeneity. For this purpose, the approach of considering the calculated indexes as sample estimators is again adopted but, this time, as estimators of population superlative indexes.
II. ELEMENTARY INDEX NUMBER FORMULAS, THEIR USE AND JUSTIFICATION

A. Elementary Index Number Formulas
The main lower-level formulas used in practice for m=1,..M matched items with prices and quantities, m p τ and m q τ respectively for periods 0, t τ = are:
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The arithmetic mean of price relatives-the Carli price index, P C :
The ratio of the arithmetic means-the Dutot price index, P D :
which can be seen to be a base-period price-share weighted Carli index.
The geometric mean of price relatives (which is also equal to the ratio of geometric means)-the Jevons price index, P J :
B. Their Use and Justification
The explanation of differences between formulas may be argued to be of cursory interest if only one formula was in general use and was superior to the others on theoretical grounds. In this section we demonstrate why the focus of this study is on two formula, the Jevons and Dutot indexes, by showing both are widely used and have their justification.
First, we consider the extent to which the formulas are used for CPI compilation. Of a sample of 37 countries, 5 13 countries used the Dutot index, 14 the Jevons index, and 4 the Carli index, with 6 other countries primarily using Jevons indexes, but with Dutot/Carli used for specific product groups. Second, we consider their relative merits from an axiomatic (test) approach and also from economic theory.
The Carli index fails the important time reversal test such that a Carli index calculated forwards, between periods 0 and t, exceeds one calculated backwards, between periods t and 0: 1
; it is upwards-biased.
6 Given this failing of the Carli index, and that it is hardly used, we focus on the relationship between the Jevons and Dutot indexes. The Jevons index satisfies all of the main tests. The Dutot index satisfies all of the main tests with the important exception of the commensurability test, i.e., if the units of measurement for each model in each outlet change, then the elementary index remains unchanged (Diewert, 1995 and . However, for homogeneous items commensurability is not an issue and the Dutot index can then be used, as advised in the CPI Manual (ILO et al., 2004) .
The CPI Manual notes that the economic approach provides only "weak support" for the Jevons index (ILO et al., 2004: 370) . The support for the Jevons index from the economic approach is for product markets in which consumers substitute away from items with above average price increases. More particularly, the cross-elasticities of demand are required to be unitary-expenditure shares remain constant as relative prices changeconsumers are assumed to have Cobb-Douglas preferences. If the sampling of items is with probability proportional to expenditure shares for the product in the base period, and base period and current period expenditure shares are equal, the Jevons index acquires the properties of an symmetric base and current period-weighted superlative index. An economic theoretic justification for the Dutot index relies on assuming Leontief preferences, for which a change in relative prices leads to no change in relative quantities consumed. Such behavior would be reflected by the sampling of homogeneous items with probabilities proportional to relative base period quantities for the product. However, not all CPIs will have such well determined sampling schemes to justify the Jevons index and not all product markets will have a priori grounds for expecting the appropriate substitution behavior.
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III. DIFFERENCES BETWEEN THE JEVONS AND DUTOT FORMULAS
A. Jevons, Dutot and Price Dispersion
The difference between the elementary aggregate index formulas, in terms of changes in the variances of the prices, is generally considered for sample indexes by means of a Taylor approximation (see Dalen, 1992; Diewert, 1995 and and Balk, 2002 for details). The statistical exposition here differs somewhat from these earlier approaches because it first, provides an exact explanation of the difference between population Dutot and Jevons indexes and, in the empirical section (IV), we find a very close correspondence for sample indexes. Second, the statistical exposition draws attention to the distinction between a calculated index based on a sample of the target population, as an index estimator of the population index, as advised by McClelland and Reinsdorf (1999) , Dorfman et al. (1999) and Greenlees (2001) . McClelland and Reinsdorf (1999) draw attention to the small sample bias in the sample Jevons index as an estimator of its population counterpart.
The sample Carli index, C P , in equation (1), as an arithmetic mean of the sample price relatives, is a consistent and unbiased estimator of the population Carli index,
The sample Dutot index, D P , in equation (2), as a ratio of two sample arithmetic means of prices, is a consistent, but not unbiased, estimator of the ratio of population means, the population Dutot index,
The sample Jevons index, J P , in equation (3), as a ratio of the exponents of two sample means of log prices, is a consistent estimator of the population Jevons index,
where
Since the exponential function cannot be taken through expected values:
and by Jensen's inequality:
As such the numerator of D I will exceed the numerator of J I , as will the denominator, making it impossible to determine which effect will dominate, without making a further distributional assumption.
We introduce the distributional assumption:
It follows from the properties of a lognormal distribution that:
Substituting τ µ , for 0,t τ = , in equation (4) by equation (9) and using equation (5) gives a relationship between the population Dutot and Jevons indexes in terms of the difference in the variances of log-prices between periods 0 and t:
B. Jevons and Dutot Indexes and Hedonic Heterogeneity-Controlled Price Dispersion.
It is apparent from equation (10) that as product heterogeneity and price dispersion decreases, so too will the difference between the two indexes. The above exposition carries over to indexes that control for observable product heterogeneity through hedonic regressions. Consider a regression, using data on m = 1,...,M matched models for periods (12) which, since matched models are used, is equal to the Jevons index in equation (3). However, the Dutot index failed the commensurability test and is thus itself determined by the extent of price dispersion. A consistent estimator of the hedonic (quality-adjusted) Dutot index is given by:
where the * denotes heterogeneity-adjusted and where (13) and (10) respectively) then the discrepancy between the Dutot and Jevons indices in (10) will be greater than the discrepancy between the heterogeneity-controlled Dutot and the Jevons index in (13). Note that first, for 0,t The use hedonic regressions in equation (13), for the purpose of this paper, is not because of changes in the quality of models compared over time. The indexes are all calculated over m = 1,..,M matched models, in order that measured price changes are not distorted by quality changes. The concern of this paper, is to reduce the cross-sectional dispersion in the prices by abstracting out quality differences arising from product heterogeneity. As a result, the failure of the commensurability test by the Dutot index is less of a concern, and the heterogeneity-controlled Dutot index in equation (13) should provide a better estimate of price changes to that of equation (10). Moreover, some of the difference between the Jevons and Dutot indexes will be explained by the reduction in price dispersion. In the empirical section that follows, we first outline the data, then account for the differences between Dutot and Jevons indexes in terms of the change in variances as postulated by equation (10), and finally, compile a heterogeneity-controlled Dutot index using equation (13) for comparison with the Dutot and Jevons indexes.
IV. EMPIRICAL WORK
A. Data and Variables
The empirical work utilized monthly scanner data on the prices of U.K. television sets (TVs) from January 1998 to December 1999. The scanner data were supplemented by data from price collectors for outlets without barcode readers, although this factor was negligible. Each observation is a model of a TV in a given month sold in one of four different outlet types: multiple chain stores, mass merchandisers (department stores), independent stores, and catalogue stores. For example, an observation in the data set for January 1998 was the unit value (price) (£275.80), volume (5,410 transactions) and quality characteristics (see the Data Annex) of the Toshiba 2173DB 21 inch "model" of TV sold in multiple chain outlets only. For the 24 months of January 1998 to December 1999 there were 31,352 observations which covered 4.6 million transactions worth £1.7 billion. The price indexes were calculated over matched identical models sold in both periods; 20,574 observations were used to make matched price comparisons for the period January 1998 to December 1999. (1) to (3), in which the aggregation in each period is over the same m = 1,...,M items. Since models available in March 1998 may no longer be sold in, say, in December 1998, the matched models for January 1998, in the March 1998 index, will differ from those for January 1998 in the December 1998 index. 8 Note that since the matched sample varies each month, so too does the calculated variance for January 1998. For example, from Table 1 , for matched models in February 1998 compared with January 1998, the variance for January 1998 was 0.495; however, for matched models in December 1998, the January 1998 variance was 0.500. The sample is renewed in January 1999 and comparisons between January 1999 and subsequent months are similarly undertaken on a matched basis, and linked to the January 1998 = 100 reference period.
The explanatory variables used for estimating the hedonic regression in equation (11) included 37 brand dummies, 3 outlet-type dummies, 19 screen size dummies, 6 tube-type dummies, and 23 further characteristics as outlined in the Data Annex. Hedonic regressions were estimated for each month between January 1998 and December 1999. The estimated coefficients were almost invariably statistically significant and their signs accord with a priori expectations. 9 The average 2 R for the estimated equations was 0.91 with a maximum of 0.93 and a minimum of 0.89.
B. Dutot and Jevons Indexes
Prices can be seen from Table 1 to fall over the two years by 26.4 and 28.4 per cent respectively for the Dutot and Jevons indexes. Columns 6 and 7 compare the ratio of the Dutot to Jevons index, with and without the adjustment in equation (10) for the calculated variances. In December 1999 the Dutot index is 2.7 percent higher than Jevons. Unity in column 7 of Table 1 reflects the fact that the difference between the Dutot and Jevons indexes is perfectly accounted for by the equation (10) variance change term, and the results are invariably very close to one demonstrating the successful application of the analytical framework to the data. Yet there is a slight divergence from unity in column 7 of Table 1 . This is because Equation (10) is based on population parameters and an assumption of a log-normal distribution of prices. The very slight divergence from unity 8 For example, in January 1998 and February 1998 there were, respectively, 1,320 and 1,270 models of TVs (observations) sold. However, the calculations were based on the 1,093 matched models available in both months. By December 1998 there were 1,326 models sold, however, only 798 were available in both periods and, thus, could be used in the calculation. The sample was renewed in January 1999. This follows standard CPI practice, but incurs selectivity bias as considered in Silver and Heravi (2005) and Triplett (2004). reflects the fact that sample, rather than population, indexes are calculated and that the distributional assumptions may not hold. In spite of this, the departure from unity is very small.
C. Heterogeneity-Controlled Dutot Indexes
The sample used is the same matched sample used for the Dutot and Jevons indexes calculated in columns 2 and 3 of Table 1 . There is a price fall of 27.2 percent given by the heterogeneity-controlled Dutot index, compared with 26.4 percent for the Dutot and 28.4 percent for the Jevons index.
10 The heterogeneity-controlled Dutot is based on much smaller price variances, as shown in the last two columns of Table 1 , compared with the variances in columns 4 and 5. Of note is that the relatively effective control of heterogeneity, in terms of the reduction of the variance via the hedonic regression, serves to bring the (heterogeneity-controlled) Dutot index closer to the Jevons index, accounting for over half of the disparity between the two raw price indexes in Columns 2 and 3.
V. IMPLICATIONS FOR CPI COMPILATION
That different countries use different formulas for calculating elementary aggregate indexes for their CPIs begs a question as to whether they will give different results and, if so, the factors underlying such differences. We provided a framework that showed in equation (10) that the difference between the Dutot and Jevons indexes can be explained in terms of the change in the dispersion of prices, as was confirmed by the empirical work in section IV. There is then the question as to how much of the difference between the results of the two indexes can be reasonably attributed to the Dutot index's failure of the commensurability test. Equation (13) showed how hedonic regressions, used to control for price dispersion arising from product heterogeneity, could be used to further explain the difference between the Jevons and Dutot indexes. In the empirical work we found that this reduction in price dispersion accounted for a large part of the difference between the Jevons and Dutot indexes.
If there was no preference for the Jevons or Dutot index by other criteria, the Jevons index would be preferred to the "raw" Dutot, for this empirical illustration, on the grounds of the failure of the commensurability test by the latter. Product heterogeneity was shown to sizably affect the Dutot index. If the regressions are taken to have adequately corrected for product heterogeneity, then the test and variance analysis cannot inform the choice between the Jevons index and the heterogeneity-controlled Dutot index.
A preference for the (heterogeneity-controlled) Dutot or Jevons index can also be considered in terms of which index best approximates an index number formula with desirable properties, that is, a superlative index such as the Fisher, Törnqvist, or Walsh index. Yet superlative index number formulas make use of base and current period quantities, which the Dutot and Jevons indexes do not-they are unweighted. Balk (2002) and Diewert (2004) consider the assumptions required for the Dutot and Jevons indexes to be sample estimators of superlative indexes. Quantity/expenditure weights are implicitly introduced if the sampling is with probability proportionate to size, where the measure of "size" is the quantity/expenditure share.
Under an assumption of first, sampling of prices with probability proportionate to base period expenditure shares, and second, unity elasticity of substitution, and thus equal base and current period expenditure shares, the Jevons index is a sample estimator of a Törnqvist index. Under an assumption of sampling with probability proportionate to quantity shares in the base period (current period) the Dutot index can be shown to be a sample estimator of a population Laspeyres (Paasche) index, and with a further assumption of equal base and current period quantity shares, the Dutot index is a sample estimator of a Fisher index. Only with these assumptions can preferences for the Jevons or (heterogeneity-corrected) Dutot index extend beyond the variance and axiomatic considerations of this paper. The assumptions required for the Jevons index are not as limiting as those for the Dutot index, though their veracity in real CPI practice will often be questionable.
The analysis has been conducted for matched samples, following the practice largely used by statistical offices in the compilation of their CPIs. However, for product areas with a large product turnover, such as domestic appliances and personal computers, "new" unmatched models introduced in period t, but not existing in period 0, and "old" unmatched models existing in period 0, but no longer in period t, are unlikely to have residuals of the same magnitude as those for matched models. Silver and Heravi (2005) examined such residuals for cameras, dishwashers, television sets, vacuum cleaners, and washing machines. They found for each product the mean of the residuals for unmatched new models to be above the corresponding mean for unmatched old ones. The resulting increase in dispersion would effect a larger difference between the Dutot and Jevons indexes than reported for conventional CPI matched models measurement, as undertaken in this study.
VI. SUMMARY
This paper has provided an improved analytical framework for establishing the difference between the Dutot and Jevons indexes. Previous such work was based on a Taylor approximation. Our framework provides an exact expression, and one that further benefits from expressing indexes as sample estimators of their population counterparts. It is not usual in index number theory that their sampling basis is recognized. The paper then decomposes the difference between the two formulas into that due to product heterogeneity, and that essentially due to the fact that the index formulas are different types of averages.
So what advice can be given to statistical offices? Which is better? (i) Jevons can be said to be better because of the difference due to product heterogeneity, since the Dutot index fails the commensurability (units of measurement) test and the Jevons index does not. In our empirical example we found product heterogeneity to account for over half the difference between the two formulas. This would argue for the Jevons index. But if product heterogeneity was responsible for only a small proportion of the difference; on what grounds could we then choose between the two index numbers?
(ii) As noted in the previous section, the choice between formulas would be on the basis of their sample design. Under an assumption of 1) sampling of prices with probability proportionate to base period expenditure shares, and 2) unity elasticity of substitution, and thus equal base and current period expenditure shares, the Jevons index is a sample estimator of a desirable Törnqvist index. Under an assumption of sampling with probability proportionate to quantity shares in the base period (current period) the Dutot index can be shown to be a sample estimator of a population Laspeyres (Paasche) index, and with a further assumption of equal base and current period quantity shares, the Dutot index is a sample estimator of a desirable Fisher index. Thus statistical offices might use different formulas for different product areas depending on the likely validity of assumptions about consumer behavior and the sample design used.
If such assumptions and sampling systems do not hold, there is little further we can say about the two formulas, at least from economic theory or axiomatic tests. The geometric mean is known to be more robust to outliers, but less easy to explain than the arithmetic mean.
(iii) The analysis has been conducted for matched samples, following the practice largely used by statistical offices in the compilation of their CPIs. However, for product areas with a large product turnover the case for a geometric formulation is stronger.
(iv) Much of the analysis of this paper carries over to producer price indexes, with the exception of the economic analysis where the assumption about cost-minimizing consumer behavior differs from that relating to revenue-maximizing producer behavior (see Diewert, 2004) . 
